%^%k%A%0%j%C%IA0=hM}IU$-6&Lr8{G[K!$NJBNs2= � 7zIt =$8+ >.Lx 5AIW y El5~Bg3XM}3XIt>pJs2J3X2J z 35MW %^ %k %A%0 %j%C %IA0 =h M} IU$- 6& Lr 8{G[ K! (MGCG K! ) $O , 6& Lr 8{ G[K! $N A0 =hM} $H $7$F %^ %k %A%0 %j%C %I A0 =hM} $r 9T$J $& J} K!$G $" $j , %^ %k %A%0 %j%C %IK! $G $O <}B+ $7 $K$/ $$ $h $&$J J# ;($J Ld Bj $G$b 4J C1$K <} B+ $9$k . K\8& 5f $G $O $=$N MGCG K!$N JB Ns 2= $r9M $( , 9b JB Ns$G <} B+ 8z N($N 9b $$ MGCG K! $r Ds 0F $9 $k . %^ %k %A %0 %j%C %I K! $N JB Ns 2= $K $O MM!9 $J Ld Bj E@$, B8 :_ $9 $k $, , MGCG K! $N >l 9g $O $= $l $i $r$&$^$/2r7h$9$k$3$H$,=PMh$k . <!$K$=$N MGCG K!$rIY;NDL$NJBNs7W;;5! AP1000 >e$K<BAu$7 , :G$b <}B+$NB.$$ MGCG K!$N9M;! $r9T$J$& . $5 $i$KJBNs7W ;;5!$GNI $/;HMQ$5$l $F$$$k Scaled CG K!$H$NHf3S$K$h$jI>2A$r9T$J$& . ABSTRA CT A m ultigrid preconditioned conjugate gradient metho d (MGCG metho d), whic h uses the multigrid metho d as a preconditioner of the PCG metho d, con v erges rapidly even for the problems that the original multigrid metho d do es not conv erge e�ectively . This pap er considers parallelization of the MGCG metho d and prop oses the MGCG metho d with high parallelism and high e�ciency . There are v arious problems when the multigrid metho d is parallelized, how ev er in the case of the MGCG metho d, these problems can b e successfully settled. Next implementation of the MGCG metho d on the F ujitsu m ulticomputer AP1000 is p erformed and the most e�cien t MGCG metho d is studied. Then it is ev aluated by comparing with the Scaled CG metho d that is often used on the m ulticomputers. 1 $O$8$a$K %^ %k %A %0 %j%C %I A0 =h M} IU $- 6& Lr 8{ G[ K! (MGCG K! ) $O , 6&Lr8{ G[K!$NA0=h M}$K%^%k %A%0%j%C%I K!$rMQ $$$?2r K!$G $" $j , <! $N$h $& $J@- <A $r;}$C $F $$ $k . (1) >r7o $N 0- $$ Ld Bj $G $b , 6& Lr 8{ G[ K! $N H? I| 2s ?t $, >/ $J $$ . (2) H? I| $N2s ?t $, %a%C%7%e $N %5%$ %: $K $h$i $J $$ . %^%k %A %0 %j%C %I A0 =h M} $K $h $j , Ld Bj $N 8G M- CM J, I[ $O BgItJ,$, 1 $N<~$j$K=8$^$j , $o$:$+$J?t$N8GM-CM$, 0 $H 1 $N 4V $K ;6$i $P $k . %^ %k %A %0 %j%C%I K! $@ $1 $G 2r $/ >l9g $O , $3 $N $o $: $+ $J ?t $N 8G M- CM $, 8z N( E* $J <} B+ $N <YKb $H $J$C $F , $& $^ $/ <} B+ $7 $F $/ $l $J $$ . $7 $+ $7 $J $,$i %^ %k %A %0 %j%C %I K! $r 6& Lr 8{ G[ K! $N A0 =h M} $H $7 $F ;H$&;~$K$O , FC$KLdBj$H$J$k$3$H$J$/<}B+$9$k . 6& Lr 8{ G[ K! $O , H? I| Cf $N 1i ;; $, Fb @Q 1i ;; , 9T Ns $H %Y%/ %H %k $N >h ;; , %Y %/ %H %k $N OB , :9 $G 9= @. $5 $l $F $$ $k $? $a , %Y %/ %H %k 2= , JB Ns 2= $7 $d $9 $$ . $^ $? %^ %k � Parallelization of the Multigrid Preconditioned Conjugate Gradient Metho d y Osamu T A TEBE Y oshio OY ANA GI E-mail: f tatebe,oyanagi g @is.s.u-tokyo.ac.jp z Department of Information Science, F acult y of Science, the Universit y of T oky o %A %0 %j%C %I K! $b %9 %‘ !] %8 %s %0 $r 9T $J $& J} K! <! Bh $G JB Ns @- $, $" $k . $3 $N 8& 5f $G $O 9b $$ JB Ns @- $r ;} $A $+ $D <} B+ 8z N( $N 9b $$ MGCG K! $r Ds 0F $9 $k . $^ $: 2 >O $G $O MGCG K! $r 4J C1 $K @b L@ $7 , 3 >O $G $O $= $N MGCG K! $N JB Ns 2= $K $D $$ $F 9M ;! $r 9T $J $& . $3 $N 9M ;! $r F’ $^$( , 4 >O$GIY;NDL$N%^%k%A%3%s%T%e!<%? AP1000 >e $K <B Au $7 , $= $N I> 2A $r 9T $J $& . I> 2A $K Ev $?$C $F :G $b<}B+$NB.$$ MGCG K!$r9M$($k$H$H$b$K , 100% %Y %/ %H %k 2= , JB Ns 2= 2D G= $G JB Ns 7W ;; 5! >e $G NI $/ MQ $$ $i $l$F $$$k Scaled CG K! (SCG K! ) $H$N Hf3S$b9T$J$C $? . $3 $N Hf 3S $G $O MGCG K! $O SCG K! $K Hf $Y 7W ;; ;~4V$,?t==G\B.$+$C$? .

2 MGCG K! MGCG K! $O A0 =h M} $K %^ %k %A %0 %j%C %I K! $r MQ $$ $? 6& Lr 8{ G[ K! $G $" $k . 2r $/ $Y $- O" N) 0l <! J} Dx <0 $r L l x = f $H $9 $k $H , MGCG K! $N H? I| $O %W %m %0 %i %‘ 1 $N $h $& $K $J $k . $^ $: , =i 4| %Y %/ %H %k $r x 0 $H CV $/ . $3 $N ;~ , =i4| ;D :9 $O r 0 = f � L l x 0 $H $J $k . $= $7 $F , L l ~ r 0 = r 0 $r %^ %k %A %0 %j%C %I K! $r ;H$C $F 6a;w E* $K 2r$- , =i4| J}8~ %Y%/ %H%k $r p 0 = ~ r 0 $H$9 $k . $= $7$F %W %m%0%i%‘ 1 $N%k!<%W$r<}B+$9$k$^$G7+$jJV$9 . i = 0; while ( ! con v ergence ) f � i = ( ~ r i ; r i ) = ( p i ; L l p i ); x i +1 = x i + � i p i ; r i +1 = r i � � i L l p i ; conv ergence test; Relax L l ~ r i +1 = r i +1 using the Multigrid method (A) � i = ( ~ r i +1 ; r i +1 ) = ( ~ r i ; r i ); p i +1 = ~ r i +1 + � i p i ; i + +; g %W%m%0%i%‘ 1. MGCG K!$NH?I| $3 $N %W %m %0 %i %‘ $N Cf $G , (A) $N It J, $, %^ %k %A %0 %j%C%I A0=h M} $N It J, $G $" $k . $^ $? %^ %k %A %0 %j%C %I K! $O%0%j%C %I$N Ns $r f L i g $H $9 $k$H , %W%m %0 %i%‘ 2 $N MM $K:F5"E*$KI=$9$3$H$,=PMh$k . V ector MG( L l , f , x , , � ) f if ( l == coarsest level) Solve L l x = f ; else f x = pre smo othing( L l , f , x , � ); d = restrict( f � L l x ); � = initial x ; rep eat ( ) � = MG( L l � 1 , d , � , , � ); x = x + prolongate( � ); x = p ost smo othing( L l , f , x , � ); g return x ; g %W%m%0%i%‘ 2. %^%k%A%0%j%C%IK! $3$N%W %m%0%i %‘Cf$G , restrict $H$O%0 %j%C%I%l %Y%k i $+ $i i � 1 $X $N JQ 49 $r 9T $J $& A‘ :n $r I= $7 , prolon- gate $H $O $= $N 5U $N %0 %j%C %I %l %Y %k i � 1 $+ $i i $X $N JQ 49 $r 9T $J $& A‘ :n $r I= $7 $F $$ $k . $, 1 $N ;~ $N %^ %k %A%0%j%C%IK!$rFC$K V-cycle %^%k%A%0%j%C%IK! , 2 $N ;~ $r W-cycle %^ %k %A%0 %j%C %I K!$H 8F $V ( ?^ 1). $3 $N %^ %k %A %0 %j%C %I K! $, 6& Lr 8{ G[ K! $N A0 =h M} $H $7 $F $N ?t 3X E* $K BE Ev $G $" $k $? $a $N >r 7o $O , 4{ $K [10] $G D4 $Y $F $" $j , %9 %‘!< %8 %s %0 K! $H $7 $F %l%C %I %V %i%C %/ BP >N %, %& %9 %6 %$ %G%k K! , %^ %k %A%+ %i!< SSOR K! , ADI K! $J $I $N J} K! $r A0 =h M} $K ;H $$ , %W %l %9 %‘ !] %8 %s %0 $H %] %9 %H %9 %‘ !] %8 %s %0 $G F1 $8 J} K! $r ;H $( $P A0 =h M} $H $7 $F $N >r7o$OK~$?$5$l$k . ?^ 1. %^%k%A%0%j%C%IK!$N%5%$%/%k 3 MGCG K!$NJBNs2= $3 $N >O $G $O MGCG K! $N %^ %k %A %3 %s %T%e !] %? >e $X $N <B Au $r L\ E* $H $7 $? JB Ns 2= $r 9M $( $k . MGCG K! $O 6& Lr 8{ G[ K! $N A0 =h M} $H $7 $F %^ %k %A %0 %j%C %I K! $r ;H $& $b $N $G $" $k $N $G , 6& Lr 8{ G[ K! $H %^ %k %A %0 %j%C %I K! $N N> J} $N J} K!$r JB Ns 2= $7 $J $1$l $P $J $i $J $$ . 6& Lr 8{ G[ K! $, JB Ns 2= $7 $d $9 $$ $3 $H $O 4{ $K =R $Y $? $N $G , $^ $: %^ %k%A%0%j%C%IK!$rJBNs2=$9$k$3$H$r9M$($k . 3.1 %^%k%A%0%j%C%IK!$NJBNs2= %^ %k %A %0 %j%C %I K! $r JB Ns 2= $9 $k >l 9g $O <! $K MM $J Ld Bj$,=P$F$/$k . 1. 9b $$ JB Ns @- $r ;}$C $? %9 %‘ !] %8 %s %0 $r 9T $J $& I, MW$,$"$k . 2. AF $$ %0 %j%C %I $K $J $l $P $J $k $[ $I DL ?. $N %*!< %P!<%X%C%I$,8+$($F$/$k 3. AF $$ %0 %j%C %I $G $O %W %m %;%C %5 $N ;H MQ N( $, Dc $/ $J$j , M7$s$G$$$k%W%m%;%C%5$,=P$F$7$^$&

%^ %k %A %0 %j%C %I K! $O , ;D :9 $N 8: >/ N( $, :G $b AF $$ %0 %j%C %I $K $h $k $N $G , M- 8z $J 8B $j AF $$ %0 %j%C %I $^ $G ;H$C$?J} $, <} B+ $, B. $/ $J $k . $7 $+$7 $J $, $i Ld Bj $, J# ;($G >r 7o $N 0- $$ >l 9g $O , $? $@ AF $$ %0 %j%C %I $^ $G $$ $1 $P<} B+ $, 2C B. $5 $l $k Lu $G $O $J $/ , M> $j JB Ns @- $N 9b $/ $J $$ $h $j 6/ NO $J %9 %‘ !] %8 %s %0 (ADI K! $d IT 40 A4 LU J,2r$J$I ) $r9T$J $o$J$1 $l$P $J$i$J $$ . =>$C$F , %^%k %A%0 %j%C %I K! $r %^ %k %A %3 %s %T%e!< %? >e $K <B Au $9 $k ;~ $O , >e$N 1 HVL\$NLdBj$r%/ %j%"$9$k$3$H$OFq $7$/ , 7W ;;5!$N ;} $D JB Ns @-$r B8 J, $K H/ 4x$G $- $J $$ . $^ $? 2 HV L\ , 3 HVL\ $NLd BjE@ $r2r 7h$9 $k$? $a$K , C‘<! 7?$H F1$8 %"%k %4 %j %: %‘ $G $" $k $3 $H $r $" $- $i $a , %0 %j%C %I $, AF $/$J$C $? ;~ $b $= $l $> $l $N %W %m %;%C %5 $G 7W ;; $9 $k %G!< %?$, 8: $i $J $$ $h $& $J JB Ns %^ %k %A %0 %j%C %I K! $r 9M $( $F $$$k . 3.2 MGCG K!$NJBNs2= MGCG K! $r %^ %k %A %3 %s %T%e!< %? >e $K <B Au $9 $k ;~ , $=$N $^ $^ <B Au $7 $h $& $H $9 $k $H A0 @a $G 9M $( $? %^ %k %A %0 %j%C%I K! $r JB Ns 2= $9 $k ;~ $K =P $F $/ $k Ld Bj $H F1 MM $N Ld Bj$,=P$F$/$k . $7$+$7$J$,$i MGCG K!$N>l9g$O , %^ %k%A %0 %j%C %I K! $O $" $/ $^ $G 6& Lr 8{ G[ K! $N A0 =h M} $H $7 $F;H $& $? $a , J# ;( $J Ld Bj $r 2r $/ $H $- $K JB Ns @- $N 9b $/ $J$$ $h $j 6/ NO $J %9 %‘ !] %8 %s %0 $r ;H $& $3 $H $O I, MW $G $O $J$$ . $3 $N$3 $H $O <! $N8G M- CM J, 2r$G 5D O@ $9 $k . =>$C $F%^ %k %A %0 %j%C %I A0 =h M} $N %9 %‘ !] %8 %s %0 $O JB Ns @- $, 9b$/ , H?I|2rK! $H$7$F$bM% $l$F$$$F , $J$* $+$DA0=hM} $H$7 $F ?t 3X E* $K BE Ev $J 2r K! $G $" $k %l%C %I %V %i%C %/ BP >N SOR K! (RB-SSOR K! ) $r;H$&$3$H$K$9$k . $3 $N ;~ , <! $K 9M $( $k $3 $H $O $I $l $@ $1 %0 %j%C %I $r AF $/ $9 $k $N $, $$ $$ $+ $H $$ $& $3 $H $G $" $k . MGCG K!$N >l 9g $O %^ %k %A %0 %j%C %I K! $H 0c $$ J# ;( $J Ld Bj $G $b %0 %j%C %I $r AF $/ $9 $l $P $9 $k $[ $I <} B+ $O 2C B. $5 $l $k . =>$C $F <} B+ $r 2C B. $9 $k $? $a $K , =P Mh $k 8B $j AF $$ %0 %j%C%I $^ $G ;H $$ $? $$ . $3 $3 $G Ld Bj $H $J $k $N $O 3.1 @a $N 2 HV L\ $H 3 HV L\ $NLd Bj $G $" $k . $3 $N ItJ, $O 7W ;; 5! $N@- G= $, $G $k HO 0O $^ $G AF $$ %0 %j%C %I $r ;H $& $3 $H $G BP =h$9$k . $D $^ $jJB Ns 7W ;; 5! $N7W ;; / DL?. @- G= $H <} B+ $NB.$5$H$$ $&E@$G $N%H%l !]%I %*%U$H $$$&$3 $H$K $J$k . $3$3 $G $N %H %l !] %I %* %U $O , %^ %k %A %0 %j%C %I A0 =h M} $G ;H$&%0%j%C%I$N?t , %9%-!<%‘ , RB-SSOR K! $NH?I|2s ?t$H JB Ns 7W ;; 5! $N 7W ;; / DL ?. @- G= $N 4V $N $b $N $H $$ $& $3$H$K $J $k . <! @a $G$O 8G M- CM 2r @O $r9T $J $$ $3 $N $h $& $K%0 %j%C %I $N ?t $r 8: $i $7 $? ;~ , JB Ns @- $N $" $k %9 %‘!< %8%s %0 $r 9T $J$C $? ;~ $N %^ %k %A %0 %j%C %I A0 =h M} $K $D $$ $F9M;!$9$k . 3.3 8GM-CM2r@O $3 $N @a $G $O J# ;( $G >r 7o $N 0- $$ Ld Bj $K BP $7 , :G $b AF $$ %0 %j%C %I $G 87 L) $K 2r $+ $: , $^ $? ;H $& %0 %j%C %I $N ?t $r 8: $i $7 , $7 $+ $b 9b JB Ns $J %9 %‘ !] %8 %s %0 K! $r ;H $& %^ %k %A %0 %j%C %I A0 =h M} $r 9T $J$C $? ;~ $N 9T Ns $N 8G M- CM $N J,I[$rD4$Y$k . 6&Lr8{G[K!$NH?I|2s?t$O=i4|CM , 78?t 9TNs $N8GM-CMJ,I[ , 1& JU$G7h$^$k $, , $=$NCf$G78 ?t9T Ns $N 8G M- CMJ, I[ $O FC $K =E MW$G $" $k . H? I| 2s?t $O =i 4| ;D :9 $K 4^ $^ $l $k 78 ?t 9T Ns $N 8G M- %Y %/ %H %k $N ?t $G 7h $^ $k$N $G , 8GM-CM2r@O$r 9T$J$&$3$H $K$h$j=i4| CM , 1&JU $, :G 0- $N >l9g $N H? I| 2s ?t $rCN $k $3 $H $, =P Mh$k . @_ Dj $7 $? Ld Bj $O <! $N MM $J $b $N $G $" $k . 2 <! 85 $N %G%# %j %/ %l6-3&>r7oIU$-%]%"%=%sJ}Dx<0 �r ( k r u ) = f in = [0 ; 1] � [0 ; 1] with u = g on @ ; $G , J* M} Dj ?t k $O ?^ 2 $N $h $& $K IT 6Q 0l $G Hs BP >N $K Dj $a $k . ?^ 3 $O , $3 $N Ld Bj $r M- 8B MW AG K! $G 16 � 16 $K N% ;6 2= $7 , =P $F $- $? O" N) 0l <! J} Dx <0 $r <! $N $h $& $J %^ %k %A %0 %j%C %I A0 =h M} $r 9T $J$C $? 8e $N 9T Ns $N 8G M- CM J, I[$G$"$k . ?^ 2. LdBj$NJ*M}Dj?t $3 $3 $G ;H$C $? %^ %k %A %0 %j%C %I A0 =h M} $O , %0 %j%C %I $r 2 $D $7 $+ ;H $o $J $$ $G , AF $$ J} $N %0 %j%C %I $G 2r $/ ;~ $K , %9 %‘!< %8 %s %0 $G ;H $& 4K OB 7W ;; $r 9T $J$C $? $@ $1 $N %^ %k %A %0 %j%C %I K! $G $" $k . $3 $N ?^ $K $O Hf 3S $N $? $a ICCG(1 ; 2) $N A0 =h M} $r 9T $J$C $? 8e $N 9T Ns $N 8G M- CM J, I[ $b IU $1 $F $" $k . $3 $N 8G M- CM J, I[ $r $_ $l $P J, $+ $k $h $& $K , %^ %k %A %0 %j%C %I A0 =h M} $N J} $O $+ $J $j $N 8G M- CM $, 1 $N <~ $j $K =L =E $7 $F $$ $F , 8G M- CM $N J, I[ $b JR

?^ 3. A0=hM}8e$N8GM-CMJ,I[ 4s$C$F$$$k . $^$? :G>. 8GM- CM$O ICCG K!$K Hf$Y 0z$- >e$2$i $l $F $$ $k . $$$/ $D $+ $N 8G M- CM$O J, ;6 $7 $F $$ $k $, , $3 $l $i $O6& Lr 8{ G[ K! $K $H$C $F $O 2? $N Ld Bj$b $J $/ , $=$l $i $O <B :] $K 6& Lr 8{ G[ K! $N $= $l $> $l 0l H? I| $G $J $/ $J$C $F $7 $^ $& . A0 =h M} $r 9T $J$C $? Ld Bj $N 8G M- CM $, $3$l $i $N @- <A $r ;}$C $F $$ $k $? $a , %0 %j%C %I $r 0l $D >/ $J$/ $7 $F $b , $^ $? %9 %‘!< %8 %s %0 $H $7 $F 9b JB Ns $J RB- SSOR K! $r MQ $$ $F $b H? I| 2s ?t $O $= $s$J $K B? $/ $J $i $J $$$H9M$($i$l$k . $3 $N Nc $O , 3 $D $N %0 %j%C %I $r ;H $& $H $3 $m $r 2 $D $K $7$F , $7 $+ $b AF $$ $[ $& $N %0 %j%C %I >e $G $O 87 L) $K 2r $+ $J$$ >l 9g $G $"$C $? $, , 6& Lr 8{ G[ K! $N A0 =h M} $H $7 $F ;H $&8B $j , 6K C< $K <} B+ @- $, 0- $/ $J $k $3 $H $O $J $/ , $^ $? ICCG K!$KHf$Y$k$HHs>o$KNI$$A0=hM}$H$$$($k . 3.4 NN0hJ,3d <! $K , %^ %k %A %3 %s %T%e !] %? $r %? !] %2%C %H $H $7 $? JB Ns2= $r 9T $J $& $? $a $N %G !] %? $N NN 0h J, 3d $K $D $$ $F 9M ;! $9$k . 9T Ns $H %Y %/ %H %k $N >h ;; , %^ %k %A %0 %j%C %I K! $N %j%9 %H %j %/ %7%g %s , %9 %‘ !] %8 %s %0 K! $N $= $l $> $l $O A4 $F6a@\ DL ?. $r I, MW $H $9 $k . =>$C $F$J $k $Y $/ O" B3 E* $K $J$k $h $& $K %W %m %;%C %5 $K %G !] %? $r 3d $j IU $1 $k $N $, $h $$ . 0J2< $G $O NN0h $O 2 <! 85 $H 2> Dj$9 $k . $3 $N$H $- %W %m%;%C%5$, M Bf$"$k$H$9$k$H , (A) %Y %/%H%k$rNN0h $N 1 J}8~$@$1$GJ,3d$7 , %W%m%;%C%5$rO@M}E*$K M � 1 $K3d$jEv $F$kJ} K!$H , (B) 2 J}8~ $GJ, 3d$7 , %W %m%;%C %5$r p M � p M $K3d$jEv$F$kJ}K!$,9M$($i$l$k ( ?^ 4). Ld Bj $NBg $-$5 $r N $H $7 $?>l 9g , $3 $l$i $N J}K! $K$D $$$F$=$l$>$l$NDL?.NL , 7W;;NL$rHf3S$7$F$_$k . %?!] %2%C%H $H $9 $k JB Ns 7W ;; 5! $, 2 <! 85 %H!< %i %9 %a%C %7%e $GNY @\ DL ?. $, $= $l $> $l F1 ;~ $K $G $- $k $H $9 $k $H , 7W ;; ?^ 4. %G!<%?$N3d$jIU$1J}K! NL $O $$ $: $l $b O ( N = M ) $G $" $k $, , DL ?. NL $O (A) $O O ( p N ) $G , (B) $O O ( p N = p M ) $G $"$k . $3$l $K $h $k$H 2 J}8~$GJ,3d$7$?>l9g$N$[$&$, , 1 J}8~$GJ,3d$7 $? >l 9g $K Hf $Y DL ?. NL $, 1 = p M G\ $H $J$C $F $$ $k $N $, J, $+ $k . $7 $+ $7 $J$, $i (B) $N>l 9g $O 9TNs $H %Y %/%H %k $N >h ;; , %9 %‘!< %8 %s %0 K! $G 4 J} 8~ $N %W %m %;%C %5 4V $G DL ?. $r I, MW $H $7 , %l %9 %H %j %/ %7%g %s $G $O %l %9 %H %j %/ %7%g %s $N J} K! $K $h$C $F 0c$C $F $/ $k $, Ia DL 6 $+ $i 8 J} 8~ $N %W %m %;%C %5 4V $G DL ?. $, I, MW $K $J $k . (A) $N >l 9g $O $$ $: $l >l9g $G $b 2 J} 8~ $G NI $$ . $3 $l $i $N $3$H $r 9M $( $k $H , Ld Bj $N Bg $- $5 $, 0l Dj $N >l 9g $O %W %m %;%C %5 $N Bf ?t $, B? $/ $J $l $P 2 J} 8~ $G %G !] %? $r J, 3d $7 $? $[ $& $, M-Mx$H$$$&$3$H$K$J$k . $^ $? (A), (B) $$ $: $l $N >l 9g $G $b $= $l $> $l $N %W %m %;%C %5 $K 3d $j IU $1 $k %G!< %? $O , %^ %k %A %0 %j%C %I K! $N %l %9 %H %j %/ %7%g %s , %W %m %m %s %2!< %7%g %s $H $$ $& A‘ :n $r 6Q 0l $K 9T $J $& $? $a $K $O , NN 0h $N 6- 3& $K $" $k %G!< %? $O $= $l $r 6- 3& $H $9 $k %W %m %;%C %5 $, A4 $F F1 $8 %G!< %? $r =EJ#$7$F;}$DI,MW$,$"$k . 4 AP1000 $X$N<BAu 4.1 %G!<%?3d$jIU$1 $^ $: %G!< %? $N 3d $j IU $1 $N ;E J} $K $h $k 0c $$ $r 8+ $k . A0 @a $N (A), (B) $= $l $> $l $N %G!< %? J, 3d $N ;E J} $G AP1000 $N >e $K <B Au $7 $F ;~ 4V $r B, Dj $7 $? 7k 2L $, , I= 1, 2 $G $" $k . $^ $? $3 $N I= $r 85 $K %9 %T!< %I %"%C %W $N %0 %i%U$r:n$k$H , ?^ 5, 6 $N$h$&$K$J$k . $3 $N ;~ ;H MQ $7 $? Ld Bj $O 3.3 @a $N 8G M- CM 2r @O $G ;H MQ $7$?Ld Bj$K$D$$$F , k $NCM$r0l Dj , %=!<%99‘ f $O 0 $G 6- 3& >r 7o $O y = 1 $G $N $_ CM $r ;} $D $H $7 $? Ld Bj $G $" $k . ;H$C $? MGCG K! $N %^ %k %A %0 %j%C %I A0 =h M} $O %0 %j%C %I $r 2 $D $7 $+ ;H $o $J $$ $b $N $G , %9 %‘!< %8 %s %0 K! $O %l%C %I %V %i%C %/ %, %& %9 %6 %$ %G %k K! $N 2 H? I| $r ;H MQ $7$? .

size # iter. 1 � 1 ( Bf ) 2 � 1 4 � 1 8 � 1 16 � 1 32 � 1 64 � 1 63 2 19 6.72 2.93 1.65 0.85 0.55 - - 127 2 38 62.48 29.46 14.41 6.73 3.94 2.21 - 255 2 71 476.99 236.95 114.84 58.20 29.24 15.43 9.40 (sec) I= 1. (A) $N>l9g f MGCG( RB ; 1 ; 2 ; 2) g size # iter. 1 � 1 ( Bf ) 2 � 2 4 � 4 8 � 8 63 2 19 7.09 1.66 0.50 0.23 127 2 38 60.67 14.26 3.46 1.01 255 2 71 455.4 113.8 27.3 6.49 (sec) I= 2. (B) $N>l9g f MGCG( RB ; 1 ; 2 ; 2) g ?^ 5. (A) 1 J}8~$GJ,3d$7$?>l9g I= Cf$G - $H $J$C$F$$ $k$N$O , 1 %W%m %;%C%5$K %G!<%? $,<B <A E* $K 1 $D $: $D $^ $? $O M7 $s $G $$ $k %W %m %;%C %5 $, =P$F $7 $^ $$ , L@ $i $+ $K B> $N %G!< %? $H F1 Ns $K JB $Y $F $b M>$j0UL#$,$J$$$H;W$o$l$k$H$3$m$G$"$k . $3 $l$i$NI= , ?^$r 8+$F$bJ,$+ $k$, , LdBj$NBg $-$5$r 0lDj $K $9 $k$H , %W %m %;%C %5 $N Bf ?t $,B? $/ $J$C $? ;~ $K , (B) $N 2 J} 8~ $G J, 3d $7 $? >l 9g $N J} $, NI $$ 7k 2L $H $J$C $F$$$k . $^$? , $$$:$l$NJ}K!$b%9!<%Q!<%j%K%"$H$J$C $F$$$k$, , $3 $l$OLdBj$NBg $-$5$r8GDj $7 , %W%m%;%C%5 $NBf?t$rA}$d$7$F$$$C$?$?$a , 1 %W%m%;%C%5$"$?$j$N %G!<%?NL$,>/$J$/$J$j , %-%c%C%7%e$N%R%C %HN( , %i%$ %s%; %s %I $N %R%C %H N( $, >e $,$C $? 1F 6A $G $" $k . (B) $N >l9g $N $D $$ $F %-%c%C %7%e $N %R%C %H N( $r 7W B, $9 $k $H ?^ 7 $N$h$&$G$"$C$? . ?^ 6. (B) 2 J}8~$GJ,3d$7$?>l9g $3 $N ?^ 7 $r 8+ $k $H , FC $K %a%C %7%e %5 %$ %: $, 256 � 256 $N ;~ $O %-%c%C %7%e $N %R%C %H N( $, Cx $7 $/ JQ $o$C $F $$ $k $3$H $, J, $+ $k . 0J 8e $O $3 $N 7k2L $r F’ $^ $( , %G!<%?$N%W%m%;%C%5$X$N3d$jEv$F$O (B) J}<0 , $D $^ $j NN 0h $r 2 J} 8~ $G J, 3d $7 %W %m %;%C %5 $K 3d $j Ev $F $k J}<0$G9T$J$&$3$H$K$9$k . 4.2 %0%j%C%I$N?t <! $K A0 =h M} $r 9T $J $& V-cycle %^ %k %A %0 %j%C %I K! $N %0%j%C %I$N?t$rJQ$( $?;~$N , <}B+2s ?t , 7W;;;~4V $rB, Dj $7 $? . Ld Bj $O 8G M- CM2r @O $r 9T $J$C $? $b $N$H F1 $8 Ld Bj$G , %=!< %99‘ f $H $7$F?^ 8 $r;H$$ , 6- 3&>r7o $OA4$F 0 $H$7$? . $3 $N Ld Bj $K $* $$ $F , %0 %j%C %I $N ?t $r JQ $( $F $$$C $?

?^ 7. %-%c%C%7%e$N%R%C%HN( ?^ 8. LdBj$N%=!<%99‘ ;~$N H? I| 2s ?t , 7W ;; ;~ 4V $O I= 3, 4 $G $" $k . I= 3 $O Ld Bj$r 256 � 256 $K N% ;6 2= $7$F 2r $$ $? $b $N $G , I= 4 $O Ld Bj$r 512 � 512 $KN%;62=$7$? 2r$$$?$b$N$G$"$k . $3$N <B83$G$O%W%m%;%C%5$O 64 Bf;HMQ$7$F$$$k . I= Cf $N coarsest $H $$$& $N $O0l HVAF $$ %0%j%C %I $K$* $1$k%a%C%7%e$N?t $G$"$k . $3$N Ms$, 8 � 8 $H $$$&$H $3 $m$G$O , 1 %W%m%;%C%5$O<B<AE*$K$O0l$D$N%G!<%?$7$+ <u$1;}$C$F$$ $J$$ . $^$? p er 1 iter. $H$$ $&$N $O6& Lr 8{G[K! $N 1 H?I| $K $+ $+$C $? ;~ 4V $G$" $k . $3 $N <B 83 7k 2L$K $h $k $H , %0 %j%C %I $r $? $/ $5 $s ;H $( $P ;H $& $[ $I <} B+$,B. $/ $J$C $F $$ $k . $3 $N E@ $, %*%j %8 %J %k $N %^ %k %A %0%j%C%IK!$@$1$G2r$/>l9g$H$N0c$$$G$"$k . %0 %j%C %I $r AF $/ $7 $F $$$C $? ;~ $K $O 07 $& %G!< %? $O 2 <!85$N Ld Bj$N >l 9g 1/4 $K 8: $k . 0l$D AF $$ %0%j%C %I $r IU$1 2C $( , ;H $& %0 %j%C %I $N ?t $r A} $d $7 $? ;~ $K $O , $= $l$^ $G 0l HV AF $$ $H $3 $m$G 07$C $F $$ $? %G!< %? $N 1/4 $N grids iter time (s) p er 1 iter. coarsest 2 135 11.35 0.084 128 � 128 3 64 6.37 0.100 64 � 64 4 32 3.43 0.107 32 � 32 5 17 1.91 0.112 16 � 16 6 10 1.18 0.118 8 � 8 I= 3. %0%j%C%I$N?t$H7W;;;~4V$N4X78 (256 � 256) grids iter time (s) p er 1 coarsest 2 270 104.4 0.387 256 � 256 3 129 56.1 0.435 128 � 128 4 64 29.0 0.453 64 � 64 5 33 15.3 0.463 32 � 32 6 17 8.00 0.471 16 � 16 7 11 5.24 0.476 8 � 8 I= 4. %0%j%C%I$N?t$H7W;;;~4V$N4X78 (512 � 512) %G!< %? $r ?7 $? $K =hM} $9 $k $3 $H $K $J $k . =>$C $F $I $s $I $s AF $$ %0 %j%C %I $r IU $1 2C $( $F $$$C $F $b , A} $( $k 1i ;; 2s ?t $O $I $s $I$s >/ $J $/ $J $k . =h M} $9 $k %G!<%? $N NL $, >/$J $/$J$k$N$G , %-%c%C%7%e$N%R%C%H N( , %i%$%s%; %s %I $N %R%C %H N( $O 8~ >e $7 , AF $$ %0 %j%C %I $r A} $d $7 $F $b 0l H? I| Ev $j$N ;~ 4V $, M> $j A}$( $J $$ $3 $H $K $J$k . $3 $N $3 $H $K $D $$$F $O <! @a $G $b $&>/ $7 :Y $+ $/ 5D O@$9 $k . $3 $N 7k 2L $+ $i 8+ $k $H , $‘ $7 $m %0 %j%C %I $r 0l $D A} $d $9 $H $[ $\ H? I| 2s ?t $, H> J, $K $J $k $H $$ $& $3 $H $, , 7W ;; ;~ 4V $K 8z $$ $F $$ $k . Fs $D $N <B 83 %G!< %? $r Hf $Y $k $H , $b$C $H $b AF $$ %0 %j%C %I $G 87 L) $K 2r $+ $J $$ >l 9g , %^ %k %A %0 %j%C %I K! $N ;D :9 $N 8: >/ N( $O $b$C $H $b AF $$ %0 %j%C %I $N %a%C%7%e4V3V$K$h$k$H$$$&$3$H$,NI$/J,$+$k . 4.3 %9%‘!<%8%s%0K! <! $K %9 %‘!< %8 %s %0 K! $N H? I| 2s ?t $r JQ $( $? ;~ $N 7W ;; ;~4V , H?I|2s?t$rD4$Y$k . ;HMQ$7$?LdBj$OA0@a$HF1$8 LdBj$G$"$k . $=$N7k2L$OI= 5, 6 $G$"$k . $3 $l $i $N I= 5, 6 $K $h $k $H , $= $l $> $l $N %0 %j%C %I $N ?t $K $D $$ $F %9 %‘ !] %8 %s %0 K! $N H? I| 2s ?t $O 1 2s $J $$ $7 $O 2 2s 9T $J $& $N $, :G $bB. $/ <} B+ $7 $F $$$k . %9 %‘!< %8 %s %0 K! $N H? I| 2s ?t $r 1 2s A} $d $9 $H ;O $a $O H? I| 2s ?t $O 70% Dx >/ $J $/ $J$C $F $$ $k $, , $I $s $I $s A} $d $7 $F $$ $/ $HH?I|2s?t$N8:$jJ}$,F_$/$J$C$F$$$k . 0lJ} , %0%j%C %I $r 1 $D A} $d $9 $H $[ $\ %3 %s %9 %? %s %H $K H? I| 2s ?t $O H> J, $K $J$C $F $$ $k . $^ $? B? $/ $N %0 %j%C %I $r ;H $& >l 9g grids 1 2 3 4 5 6 smo othing iter time iter time iter time iter time iter time iter time 1 486 14.55 184 11.55 87 6.43 44 3.49 22 1.83 13 1.13 2 344 13.51 135 11.35 64 6.37 32 3.43 17 1.91 10 1.18 3 281 13.65 111 11.69 53 6.63 27 3.65 14 1.99 9 1.34 4 243 14.06 97 12.28 47 7.09 24 3.91 12 2.06 8 1.43 5 217 14.57 87 12.86 42 7.41 21 4.01 11 2.21 8 1.68 6 198 15.13 80 13.52 38 7.68 20 4.37 10 2.30 7 1.69 I= 5. %9%‘!<%8%s%0K!$NH?I|2s?t$H7W;;;~4V (256 � 256) grids 5 6 7 smo oth. iter time iter time iter time 1 44 15.14 23 8.03 13 4.61 2 33 15.27 17 8.00 11 5.24 3 27 15.70 14 8.27 9 5.39 4 24 16.80 12 8.54 8 5.77 5 21 17.19 11 9.15 8 6.75 6 20 18.74 10 9.53 8 7.71 I= 6. %9 %‘!< %8 %s %0 K! $N H? I| 2s ?t $H 7W ;; ;~ 4V (512 � 512) $O%9 %‘!< %8 %s %0 K! $N H? I| 2s ?t $r A} $d $9 $H H? I| 1 2s $K $+$+ $k ;~ 4V $, Bg I} $K A} $( $F $7 $^ $& $N $K BP $7 , %0 %j%C %I$r A} $d $9 J} $O , A} $d $7 $F $$ $/ $K $D $l H? I| 1 2s $K $+ $+$k;~4V$N A}$(J} $,$I $s$I$s 8:$C$F $$$k$N $,J, $+$k . =>$C$F %0 %j%C %I $r M> $j ;H $o $J $$ >l 9g $O , %9 %‘!< %8 %s %0K! $N H? I| 2s ?t $, >/ $J $$ ;~ $K , %9 %‘!< %8 %s %0 K! $N H? I|2s?t$rA} $d$7$F 7W;;;~ 4V$, C;$/$J $k$3$H $,$" $k$, , %0%j%C %I $r B? $/ ;H $& ;~ $O %9 %‘!< %8 %s %0 K! $N H? I| $r 1 2s$7$+$7$J$$$N$,:G$bB.$/<}B+$7$F$$$k . 4.4 %-%c%C%7%e$N%R%C%HN($HBf?t8z2L <! $K %W %m %;%C %5 ?t $r JQ 2= $5 $; $? ;~ $N %-%c%C %7%e $N %R%C %H N( $r D4 $Y $? . Ld Bj $O A0 @a $H F1 $8 Ld Bj $r 256 � 256 $K N% ;6 2= $7 $? $b $N $G , 2r K! $O :G $b <} B+ $N B.$+$C $? , %^ %k %A %0 %j%C %I A0 =h M} $K 6 $D $N %0 %j%C %I $r ;H $$ , %9 %‘!< %8 %s %0 K! $N H? I| 2s ?t $r 1 2s $H $7 $? MGCG K! $G$" $k . $3$N >l9g$O @h$[ $I 4.1 $G 8+$? %R%C %HN( $K Hf $Y AF $$ %0 %j%C %I $r $? $/ $5 $s ;H MQ $7 $F $$ $k $? $a , DL?.CY1d$, 1#$;$J$$ , H?I| 2s?t$,>/$J $$$N$GC‘<! ItJ, $N 1F 6A $, =P $k $J $I $N M} M3 $G F1 $8 $h $& $K %9!< %Q!< %j%K %" $H $J $k $h $& $J Bf ?t 8z 2L $O F@ $i $l $J $$ $H 9M $( $i $l$k . 7k2L$OI= 7 $G$"$k . # pro cs. time (s) hit ratio sp eed up 1 71.80 93.57 1 4 17.99 94.07 3.99 16 4.53 95.49 15.85 64 1.13 97.96 63.54 I= 7. %-%c%C%7%e$N%R%C%HN( $7 $+ $7 $J $, $i $3 $N 7k 2L $r 8+ $k $H , %W %m %;%C %5 $, B? $/ $J $k $H %-%c%C %7%e $N %R%C %H N( $, $+ $J $j 2~ A1 $5 $l $F $$ $k $? $a , %9 %T!< %I %"%C %W $O $[ $\ %j %K %" $H $J$C $F $$ $k . $d $O $j , B? $/ $N %W %m %;%C %5 $r ;H $$ 5p Bg $J %G!< %? $r J, 3d $9 $k $3 $H $K $h $k %-%c%C %7%e $N %R%C %H N( $N 8~ >e $H$$$&8z2L$OAG@2$i$7$$$b$N$G$"$k . 4.5 SCG K!$H$NHf3S :G 8e $K 100% %Y %/ %H %k 2= , JB Ns 2= 2D G= $G $7 $+ $b <} B+ $, B. $$ $H $$ $o $l $F $$ $k SCG K! [5] $H $N Hf 3S $r 9T $J$C$? . SCG K!$H$$$& $N$OA0=h M}$H$7$F BP3Q%9%1!< %j%s%0 $r9T$J$&6&Lr8{ G[K!$G$"$k . SCG K!$O ICCG K! $J $I $K Hf $Y A0 =h M} $, 4J C1 $J $? $a H? I| 2s ?t $O A} $( $k $, , 6& Lr 8{ G[ K! $N H? I| $, 100% JB Ns 2= 2D G= $J $? $a 1 H? I| $K MW $9 $k ;~ 4V $, C; $/ , A4 BN $G $O 7W ;; ;~ 4V $O C; =L $5$l$k$H$$$o$l$F$$$kJ}K!$G$"$k . MGCG K! $G ?t CM <B 83 $r 9T $J$C $? Ld Bj $r F1 $8 >r 7o $G SCG K! $G 2r $$ $? 7k 2L $, I= 8 $G $" $k . $? $@ $7 $3 $N %G!< %? $r =P $9 $K Ev $?$C $F , %G!< %? $N J, 3d J} K! $O MGCG K!$HF1MM$KJ,3d$7 , 6-3&>e$N%G!<%?$O$=$l$> $l$N%W%m%;%C%5$G=EJ#$7$F;}$C$F$$$k . $3 $N 7k 2L $h $j , SCG K! $N 1 H? I| $K $+ $+ $k ;~ 4V $O :# $^ $G 9M ;! $7 $F $- $? MGCG K! $K $* $$ $F A0 =h M} $r =| $$ $? ;~ 4V $K $[ $\ Ey $7 $/ $J$C $F $$ $k $3 $H $, J, $+ $k . $7 size iter. time (s) p er 1 iter. 256 2 972 15.87 0.0163 512 2 1954 165.71 0.0848 I= 8. SCG K!$N7W;;;~4V $+ $7 $J $, $i <} B+ $^ $G $N H? I| 2s ?t $O $= $l $> $l 75 G\ , 150 G\ $b $+ $+$C $F $$ $k $? $a , SCG K! $N 7W ;; ;~ 4V $O MGCG K! $H Hf $Y <B $K 14 G\ $+ $i 36 G\ CY $/ $J$C $F $$ $k . 5 $^$H$a $3 $N 8& 5f $G $O , BP >N @5 Dj CM $G $" $k Bg 5, LO AB 9T Ns $N 2rK! $H $7 $F M- K> $J MGCG K! $N %^ %k %A %3 %s %T%e !] %? >e $X $N JB Ns 2= $r 9M ;! $7 $? . J# ;( $J Ld Bj $G %^ %k %A %0 %j%C%I K! $r 8z N( NI $/ <} B+ $5 $; $k 0Y $K $O M> $j JB Ns @- $N $J$$ 6/ NO $J %9 %‘ !] %8 %s %0 K! $r MQ $$ $J $1 $l $P $J $i $J $$ $N$G , %^ %k %A %0 %j%C %I K! $r JB Ns 2= $9 $k >l 9g $O MM!9 $J Ld Bj $, @8 $8 $F $/ $k . $7 $+ $7 $J $, $i MGCG K! $N >l 9g$O , J# ;( $J Ld Bj $K BP $7 $F A0 =h M} $N %^ %k %A %0 %j%C %I K!$K 9b JB Ns $J %9 %‘ !] %8 %s %0 K! $r ;H$C $F $b <} B+ 8z N( $O 0- $/ $J $i $J $$ . $5 $i $K $= $N $h $& $J 9b JB Ns $J %9 %‘!< %8%s %0 K! $r ;H$C $F $b , AF $$ %0 %j%C %I $r ;H $( $P ;H $& $@ $1<} B+ $, B. $/ $J $k . =>$C $F MGCG K! $r JB Ns 2= $9 $k ;~$O , $= $N JB Ns 7W ;; 5! $N %Q %o!< $r == J, $K H/ 4x $G $- $k AF $5 $N %0 %j%C %I $^ $G ;H MQ $9 $l $P , MGCG K! $O 9b JB Ns$G $+ $D Hs >o $K <} B+ 8z N( $N 9b $$ 2r K! $H $J $k $3 $H $r <( $7$? . $^ $? <B :] $K $= $N MGCG K! $N Bf ?t 8z 2L $r D4 $Y $k$H%-%c%C%7%e $N%R%C%H N($N A}Bg $H$$ $&8z 2L$b $"$j , $[$\%j %K %" $J 8z 2L $,F@ $i $l $F $$ $? . $5 $i $K JB Ns 7W ;; 5! >e $G M- K> ;k $5 $l $F $$ $k SCG K! $H $3 $N MGCG K! $H$NHf 3S$r 9T $$ , MGCG K!$, SCG K!$N ?t == G\B. $/ <}B+$9$k$3$H$r<($7$? . <U<- K\ 8& 5f $r 9T $J $& $K $" $? $j IY ;N DL JB Ns =h M} 8& 5f %; %s %?!]$N JBNs 7W;; 5! AP1000 $r ;H MQ$7 $? . $3 $3$K ?<<U $9$k . $J $* K\ 8& 5f $O2J 3X 8& 5f Hq Jd =u6b =E E@ NN 0h 8& 5f ( 2]BjHV9f 04235203) $N1g=u$r<u$1$? . ;29MJ88% [1] Adams, L. M., Iter ative Algorithms for L ar ge Sp arse Line ar System on Par al lel Computers . PhD thesis, Univ ersit y of Virginia, No v em b er 1982. [2] Braess, D., \On the Com bination of the Multigrid Metho d and Conjugate Gradi- en ts," in Multigrid Metho ds II (W. Hac k- busc h and U. T rotten berg, eds.), v ol. 1228 of L e ctur e Notes in Mathematics , pp. 52{64, Springer-V erlag, 1986. [3] Hackbusc h, W., \Multi-grid Con v ergence Theory ," in Multigrid Metho ds (W. Hack- busc h and U. T rotten b erg, eds.), vol. 960 of L e ctur e Notes in Mathematics , pp. 177{219, Springer-V erlag, 1982. [4] Hackbusc h, W., Multi-Grid Metho ds and Ap- plic ations . Springer-V erlag, 1985. [5] B. ?e 8, , 86 ED 5* IW , \ %Y %/%H %k 7W ;;5! $K $* $1$k Scaled CG K! $N M- 8z@- $K $D $$ $F ," >p Js =h M} 3X 2q , ?tCM2r@O8&5fJs9p , 17{4, 1986 G/ 7 7n . [6] Maitre, J. F. and F. Musy , \Multigrid meth- o ds: Conv ergence theory in a v ariational framew ork," SIAM J. Numer. Anal. , v ol. 21, pp. 657{671, 1984. [7] Mo di, J. J., Par al lel Algorithms and Matrix Computation . Oxford Univ ersit y Press, 1988. [8] Ortega, J. M., Intr o duction to Par al lel and V e ctor Solution of Line ar Systems . Plenum Press, 1988. [9] St � uben, K. and U. T rotten b erg, \Multigrid metho ds: F undamen tal algorithms, mo del problem analysis and applications," in Multi- grid Metho ds, Pr o c e e dings of the Confer- enc e Held at K� oln-Porz (W. Hac kbusc h and U. T rotten berg, eds.), v ol. 960 of L e ctur e Notes in Mathematics , pp. 1{176, Springer- V erlag, 1982. [10] 7zIt =$8+ , >.Lx 5AIW , \ %^%k%A%0%j%C%IA0=hM}IU $- 6& Lr 8{G[ K! ," SW oPP’92, >p Js =h M} 3X 2q , ?t CM 2r @O 8& 5fJs 9p , No. 42, pp. 9{16, 1992 G/ 8 7n . [11] W esseling, P ., \Theoretical and practical as- p ects of a m ultigrid metho d," SIAM Jour- nal on Scienti�c and Statistic al Computing , v ol. 3, pp. 387{407, 1982.